We suggest a technique to amplify a train of attosecond pulses, produced by high-harmonic generation (HHG) of an infrared (IR) laser field, in an active medium of a plasma-based X-ray laser. This technique is based on modulation of transition frequency of the X-ray laser by the same IR field, as used to generate the harmonics, via linear Stark effect, which results in redistribution of the resonant gain and simultaneous amplification of a wide set of harmonics in the incident field. We propose an experimental implementation of the suggested technique in active medium of C 5+ ions at wavelength 3.4 nm in the "water window" range and show the possibility to amplify by two orders of magnitude a train of attosecond pulses with pulse duration down to 100 as. We show also a possibility to isolate a single attosecond pulse from the incident attosecond pulse train during its amplification in optically deep modulated medium.
Ultrashort coherent X-ray pulses provide a unique combination of record-high spatial and temporal resolution, which finds numerous applications, ranging from dynamical imaging of nanostructured materials and controlling chemical reactions to manipulation of absorption and ionization properties of atoms on a sub-fs time scale [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . One of the most promising applications of such pulses is an ultrafast imaging of large biological molecules, in particular, proteins. It requires sub-fs pulses containing relatively large number of photons with a carrier frequency in the so-called water window (4.4-2.3 nm-between K-shell absorption edges of carbon and oxygen). The pulses with down to tens of attosecond duration can be produced via high harmonic generation (HHG) of an IR laser field [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . However, in the "water window" range these pulses contain a relatively small number of photons, corresponding to the energies not exceeding few pJ (although much higher energies of sub-fs waveforms can be achieved at longer wavelengths using different schemes [29] [30] [31] [32] ).
In this work, we suggest a technique for amplification of a train of attosecond pulses, produced by HHG, in active medium of a plasma-based X-ray laser [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] in the presence of a strong co-propagating IR laser field. An amplification of a single high-order harmonic by the plasma-based X-ray laser has been widely studied before [36] [37] [38] [40] [41] [42] . But narrow linewidths of X-ray lasers did not allow for joint amplification of several harmonics. However, in the presence of a strong IR field, the frequency of transition of the X-ray laser becomes modulated with the period equal to a half-cycle of the optical field [43] . As shown below, in such a case the active medium amplifies X-ray radiation not only at the resonant frequency, but also at its multiple sidebands separated by twice the frequency of the modulating field.
Suppose the train of X-ray pulses has the carrier frequency equal to the time-averaged frequency of the modulated transition and its spectrum consists of a set of harmonics separated by doubled frequency of the modulating field. Experimentally, such a situation could be achieved if replicas of the same IR field are used for HHG and for modulation of the active medium. In this scenario, various spectral components of the incident X-ray field might be jointly amplified during their propagation through the medium. In the case of sufficiently dense plasma, considered in this paper, the length of coherent interaction between the IR and X-ray fields is much shorter than the amplification length of the X-ray field, which effectively eliminates scattering of the harmonics into each other. As shown below, with the proper choice of parameters of the modulating field (its amplitude and frequency), it allows amplifying attosecond pulses preserving their spectral and temporal structure.
Let us consider amplification of a set of high-order harmonics in an active medium of a plasma-based X-ray laser with a population inversion at the transition between the ground and the first excited energy levels of hydrogen-like ions, n=1↔n=2 (where n is the principal quantum number), simultaneously irradiated by the co-propagating IR laser field of the fundamental frequency. If the harmonic of order 2k+1 is tuned in resonance with the inverted transition, that is 21 k tr    , then the frequency of any other harmonic of order 2(k+l)+1 can be represented as
where  is the laser frequency, l is an integer number, 5.14 10
is the atomic unit of electric field, e and e m are charge and mass of electron, respectively,  is Planck's constant, and Z is nucleus charge number of the ions. Based on Eq. (1), for the sake of conciseness we will call harmonic order 2(k+l)+1 as "2l-th" harmonic.
In order to gain an insight into the process of high-harmonic amplification, we derive an analytical solution for an output X-ray field assuming that the population difference at the resonant transition is constant, so that the amplification of the harmonics occurs in linear regime. We also assume that the IR pulse duration used for both HHG and modulation of the active medium is sufficiently long, so that it can be represented as
axis is the propagation direction, 0 z  is a unit polarization vector along z-axis, c is the speed of light in vacuum, and n pl is the plasma refractive index for the IR field. The incident X-ray field, comprising the set of harmonics ranging from 2(k-l min )+1 to 2(k+l max )+1, for the sake of analytical study is presented in the form:
where
is the local time, and c.c. stands for complex conjugation. Since the harmonics have the same z-polarization as the modulating IR field, amplification of the harmonics can be described within the three-level approximation, taking into account the two excited states dressed by an IR field: |2=(|2s+|2p,m=0)/√2, and |3=(|2s-|2p,m=0)/√2, as well as the ground state |1=|1s [43, 45] . If the population differences between the states |1, |2 and |3 remain constant and a phase shift acquired by the IR field due to plasma dispersion at the length of the medium is much larger than π, then (as it is discussed in Supplemental Materials, see Eqs. (S1)-(S12)) the harmonics scattering into each other is strongly suppressed so that each harmonic propagates through the medium independently from the others, and the output X-ray field acquires a simple form Since (i) each spectral component of the incident X-ray field is amplified independently from the others, (ii) the resonant interaction with the ions does not change the phases of harmonics, and (iii) the plasma dispersion for the X-ray field is negligible, the relative phases of harmonics remain constant during propagation through the medium. Thus, if each harmonic experiences the same gain, then the incident field (2) will preserve its temporal shape during the amplification. The gain for "2l-th" harmonic is proportional to the squared Bessel function . Thus, the IR field providing such value of the modulation index allows for nearly uniform amplification of "0-th", "±2-nd", "±4-th", and "±6-th" harmonics. The analytical theory of the linear amplification regime in the framework of the three-level model allows understanding some general aspects of the high-harmonic amplification. However, in order to perform a quantitative analysis, one needs to take into account two additional degenerate upper states |4=|2p,m=1 and |5=|2p,m=-1, leading to generation of y-polarized amplified spontaneous emission (ASE), and variation of the population differences at all the involved transitions. This more general 5-level nonlinear model is described in Supplemental Materials (see Eqs. (S13)-(S16) and corresponding discussion). Here we present the results of calculations. Let us consider neutral plasma consisting of C 5+ ions, electrons, and some other ions (for example, H + , to maintain electric neutrality) with C 5+ ion density NN  . Lasing in inverted plasma with such parameters has being theoretically studied [39, 46] and is under experimental investigation in the group of Prof. Szymon Suckewer at Princeton University, USA. As the modulating field and a source of the incident high-harmonic signal let us consider 2.1 μm mid-infrared laser radiation, which is particularly suitable for HHG in the "water window" [24] . Let us study the case 6.4 p   and consider amplification of the harmonics of this laser field with orders ranging from 617 to 629, which are "0-th", "±2-nd", "±4-ht", and "±6-th" harmonics with respect to the resonant transition. The value 6.4 p   corresponds to intensity of the modulating field 
where l max =3. Eq. (4) implies that the incident harmonics are phase synchronized and have identical amplitudes. As initial conditions, we assume that at 0   all the ions are excited to the states |2-|5 with equal probability, while spontaneous emission at the inverted transitions is taken into account via the randomly distributed along the medium initial values of quantum coherencies following the approach developed by Gross and Haroche [47] (see the Supplemental Materials).
The time-dependencies of intensities of (i) z-polarized amplified attosecond pulse train and (ii) y-polarized ASE at the output from a plasma channel with length 1 L mm  and radius , which means that the incident attosecond pulse train (4) reaches the peak amplitude 10 fs after creation of the population inversion by a pumping laser pulse at 0   . In such a case, the incident z-polarized Xray field has a nonzero value of the slowly-varying amplitude at 0   , which facilitates its amplification before the development of y-polarized ASE (the influence of peak t on the amplification process is discussed in Supplemental Materials, see Figs. S2-S4). The role of ASE depends on the peak intensity of the incident X-ray field, I 0 . If the incident z-polarized field is strong enough, Fig. 2(a) , then it is amplified and saturates the resonant transitions |2↔|1 and |3↔|1 before y-polarized ASE becomes substantial. As a result, population from the sates |2 and |3 drops down to the state |1, reducing population differences at the transitions |4↔|1 and |5↔|1 and decreasing amplification of ASE. For this reason, in Fig. 2(a) ASE is negligible. However, as intensity of the incident X-ray field decreases (see Fig. 3(b) ,(c)), its amplification takes place in a linear regime (without saturation of the resonant transitions), resulting in (i) larger ratio of the output intensity to I 0 , and (ii) stronger ASE, which in this case saturates the transitions |4↔|1 and |5↔|1 and thereby reduces population differences at the transitions |2↔|1 and |3↔|1 (see Supplemental Materials, Fig. S5 , for more details).
Amplification of shorter pulses is possible with stronger modulating fields. An increase in intensity of the modulating field to Fig. S6, for details) . However, if the laser frequency, Ω, is increased proportionally to the laser field strength, С E , then the index of modulation is constant, and the amplification will be more efficient. This case is illustrated by , and thus, in the strong shortening of the attosecond pulse train due to predominant amplification of its front edge, which extracts the major part of the energy, stored in the population inversion of the medium (see Supplemental Materials, Figs. S7-S9, for the details). For the considered parameters of the medium, the envelope of the amplified attosecond pulse train becomes shorter than the repetition period of the pulses in the train. As a result, the active medium isolates a single pulse with 130 as duration, which is amplified to max 0 261 II  . The lower limit for the duration of attosecond pulses which can be amplified is set by the upper limit for the intensity of the modulating field, which is determined by the threshold of ionization of the resonant ions from the upper lasing states. For the case of C 5+ ions the acceptable peak intensity of the modulating field can be estimated as  . In conclusion, we have shown the possibility to amplify a set of high-order harmonics of an IR laser field in active medium of a hydrogen-like plasma-based X-ray laser, dressed by a replica of the same field as used for HHG. The amplification occurs due to frequency modulation of the lasing transition by the IR field via the linear Stark effect, which results in redistribution of the gain to the combinational frequencies separated from the frequency of the resonance by even number of frequencies of the IR field. For the specific intensities of the modulating field, nearly uniform gain may be provided for the whole set of harmonics. In sufficiently dense plasma, the harmonics are amplified independently from each other, so that their relative phases remain constant. Thus, if the incident X-ray field represents an attosecond pulse train, it will keep this form during the amplification. We suggest an experimental implementation of this method in active medium of C 5+ ions and show the possibility to amplify by two orders of magnitude the attosecond pulses with duration down to 100 as at the carrier wavelength 3.4 nm in the "water window" range. In optically deep medium, the duration of the amplified attosecond pulse train is reduced due to predominant amplification of its front edge. If the optical depth of the medium is high enough, the active medium selects a single attosecond pulse, which is amplified much stronger than the other pulses from the train. The amplification of a set of harmonics does not rely on specific phases of sidebands of the resonant polarization of the medium emerging under the action of the modulating field. Thus, in principle, it might be implemented in arbitrary (not only hydrogen-like) active medium, if the depth of frequency modulation of the resonant transition(s) exceeds the frequency of the modulating field.
We 
FIG. 3. (Color online)
A single attosecond pulse in the "water window" spectral range, which is produced as a result of amplification of attosecond pulse train, shown in the inset, in an active medium of C 5+ hydrogen-like X-ray laser. Red solid curve is the amplified z-polarized Xray signal; blue dashed curve corresponds to the ASE of y-polarization. The length of active medium is L=7 mm, the concentration of C 5+ ions is N ion =10 19 1/cm 3 .
Analytical solution describing the linear regime of amplification
In this section, we consider a transformation of the electric field of the harmonic of order 2(k+l)+1 in the linear amplification regime (implying that the amplified field is relatively weak, so that it does not saturate the resonant transition and the population difference at this transition remains constant).
At the entrance to the medium, an electric field can be represented as
where 0 z  is a unit polarization vector along z-axis,
 is a complex amplitude of harmon-
is a local time in a reference frame propagating at the speed of light in vacuum, c, and c.c. stands for complex conjugation. During its propagation through the medium an electric field of "2l-th" harmonic acquires a form
where its slowly-varying amplitude 2(
If polarization vectors of the harmonics and the modulating laser field coincide, then within the approximation of constant population difference at the transition n=1↔n=2, propagation of the harmonic field through the medium can be described by the following equations for the threelevel model taking into account the states |1 = |1s, |2 = (|2s + |2p,m=0)/√2, and |3 = (|2s-|2p,m=0)/√2 [42] : interaction between the high-harmonic field and the modulating optical field (the length at which a phase shift of π is acquired by an IR field (with respect to an X-ray field) due to the plasma dispersion in an active medium),  C is the wavelength of the modulating field.
If the incident X-ray field consists of several high-order harmonics of orders ranging from 2(k-l min )+1 to 2(k+l max )+1,
then, within the approximation of fixed population differences at the transitions |1↔|2 and |1↔|3, each harmonic will propagate through the medium independently of the others, being amplified and generating sidebands at the frequencies of other harmonics in accordance with Eqs. (S2), (S3), and (S7)-(S9). In such a case, the X-ray field within the medium takes a form the differences between amplification coefficients corresponding to different numbers 2l grow, as it shown in Fig. S1 . Thus, with increasing number of amplified harmonics the amplification becomes less efficient, while distortions of spectrum (and of time dependence) of the amplified X-ray signal grow.
Numerical analysis taking into account the nonlinear effects
In order to verify the predictions of the analytical theory and to describe the nonlinear stage of amplification, we perform a numerical study of a more comprehensive model, which takes into account a finite duration of the incident X-ray field, variation of population differences between the resonant atomic states |1, |2, and |3, as well as influence of the states |4 = |2p,m = 1 and |5 = |2p,m = -1, which are coupled to the ground state |1 by y-polarized X-ray field (spontaneously emerging in the active medium). This model includes a wave equation for the X-ray field consisting of two polarization components, ( , ) c.c.
and equations for the density-matrix elements: FIG. S4. Time dependence of intensity of the X-ray field at the output of 1 mm long active medium of C 5+ hydrogen-like X-ray laser. Red solid curve corresponds to the z-polarized amplified attosecond pulse train; blue dashed curve shows ASE of y-polarization. Panels (a), (b) and (c) correspond to different delays of the incident X-ray field (S16) with respect to the time zero:
